The observed baryon asymmetry of the universe (BAU) cannot be explained by the known sources of charge-parity (CP)violation in the Standard Model (SM). A non-zero permanent electric-dipole-moment (EDM) for fundamental particles, nuclei or atoms, violates CP. Measuring a non-zero EDM allows us to gain a handle on additional sources of CP-violation required to explain the observed BAU. The EDM of an atom with an octupole and quadrupole deformed nucleus is enhanced. Therefore, the search for such atoms has become important in the quest to measure an EDM. Viability of EDM searches in 225 Ra atoms with a deformed nucleus have already been demonstrated. We have performed a comprehensive survey for possible EDM candidates from a list of octupole deformed nuclei predicted by various theoretical models. Our search of long-lived isotopes with nuclear deformations comparable to or better than 225 Ra results in a handful of viable candidates for future atomic EDM experiments based out of the Facility for Rare Isotope Beams (FRIB): 221 Rn, 221,223,227 Fr, 221,223,225 Ra, 223,225,227 Ac, 229 Th, and particularly 229 Pa. Furthermore, nuclei of 223,225 Rn, 225 Fr and 226 Ac are also highly quadrupole and octupole deformed, but their ground state parity doublet energy difference has not yet been measured.
INTRODUCTION
Lorentz invariance is an integral part of the Standard Model (SM), and the SM has been shown to be invariant under the joint transformations of charge conjugation (C) -parity (P) -time reversal (T): i.e. SM is CPT invariant [1, 2] . Furthermore, the CPT theorem demonstrated that if CPT symmetry is violated, Lorentz symmetry is also violated [3] . This firmly places the SM in a CPT and Lorentz invariant domain. Even though CPT is conserved, sub-symmetries such as CP, P, or T, to name a few, can be violated.
Most of the observable universe is made of matter as opposed to equal amounts of matter and anti-matter. Particularly, baryon/anti-baryon asymmetry is critical to nucleosynthesis in the early universe [4] . The baryon asymmetry of the universe (BAU) has been very precisely measured with the help of cosmic microwave background observations, the latest value being reported by the Planck telescope [5] . Andrei Sakharov identified the minimum requirements for interactions to generate a BAU, viz. (i) baryon number violation, (ii) violation of both charge conjugation symmetry and the joint charge CP symmetry, and (iii) interactions out of the thermal equilibrium [6] . No baryon number violating process has been measured yet, where experiments in search of neutron/anti-neutron oscillation [7] , neutron/mirror neutron oscillation [8, 9, 10] , and proton decay [11] have set very stringent limits on baryon number violation. The last Sakharov condition: (i) ensures that CPT symmetry does not force baryon number conservation [12] , and (ii) sets the rate of baryon number violating interactions below the expansion rate of the universe [13] .
In this paper we are mostly concerned with the second Sakharov condition. CP violation has been observed in weak interaction mediated processes such as kaon [14] and B-meson [15] decays. Thus far, no CP violation has been observed in electromagnetism or quantum chromodynamics (QCD) mediated interactions. After all, in the quark sector of the SM, CP violation is only present in the quark mixing matrix, i.e. the Cabbibo-Kobayashi-Maskawa (CKM) matrix; and the CKM matrix elements quantify the weak interaction in the quark sector. But the amount of CP violation in the CKM matrix is insufficient to explain the observed BAU [13] . Therefore we need new sources of CP violation beyond what is in the CKM matrix. It is rather straight forward to introduce CP violation into QCD, through the QCD-θ term [16] . But other extensions to the SM, such as supersymmetry, could also add to the amount of CP violation [17] . Measuring a permanent EDM in multiple systems provides for a lucrative means to understand the sources of CP violation in the universe. Efforts to measure permanent CP violating EDMs for subatomic particles, atoms, and molecules have been underway [18] , and feature prominently in the US long range plan [19] .
MULTIPOLE EXPANSION OF THE NUCLEAR POTENTIALS
Electromagnetic scalar and vector potentials for a distribution of charges in motion may be written in terms of a multipole expansion. For the purposes of this paper, we are concerned with the description of the nuclear electric and magnetic content in terms of a multipole expansion. From the Purcell-Ramsey-Schiff theorem [20, 21] , the scalar potential, φ(R), may be written as [22] :
where ρ(r) is the nuclear charge density such that d 3 r · ρ(r) = Ze, Z is the number of protons in the nucleus, and d = d 3 r · rρ(r) is the electric dipole moment (EDM). Individual terms of the above multipole expansion, φ (l) (R), can be written in terms of electric 2 l -pole moments, Q (e) lm , and spherical harmonics, Y lm (Θ, Φ), [23] :
where, Q (e)
In this description of the nuclear scalar potential, the term corresponding to l = 0 would correspond to an electric mono-pole moment, eZ; the l = 1 term would correspond to the electric dipole moment, d = |Q (e) (l=1)(m=−1) |, |Q (e) (l=1)(m=0) |, |Q (e) (l=1)(m=1) | ; and so forth. Similarly, the vector potential of the nucleus, A(R), can be written in terms of a multipole expansion, and the individual terms of the expansion may in turn be written in terms of magnetic 2 l -pole moments, Q (m) lm :
where, j = l + s, is the total angular momentum associated with the nucleus. Like in the case of electric 2 l -pole moments, here, the term associated with l = 0 would correspond to a magnetic mono-pole moment (Q (m) 00 = 0); the l = 1 term would correspond to the magnetic dipole moment (MDM); and so forth.
The Wigner-Eckart theorem [24] suggests that a system with spin s can possess up to and including 2 2s -pole electromagnetic moments. So, a 0 + nucleus only possesses an electric charge, and is spherically symmetric. It follows from this that a system needs to be at least spin 1/2 to describe dipole moments (EDM and MDM); at least spin 1 to describe quadrupole moments (EQM and MQM); and so forth. Electric 2 2N -pole moments and magnetic 2 2N+1 -pole moments are T and P even, where N is a whole number, while electric 2 2N+1 -pole moments and magnetic 2 2N -pole moments are T and P odd. Hence, we need a system with at least a non-zero EDM and a non-zero MDM in order for the system to violate P and T symmetry. Since CPT is conserved in the SM, such a system would also violate CP and CT symmetries. In fact, a non-zero EDM in the ground state of any sub-atomic particle (like protons, neutrons, or electrons) or an atom (with j > 0) violates P and T symmetries [25] .
PERMANENT ELECTRIC DIPOLE MOMENT OF ATOMS
In the SM, the CKM-matrix along with the QCD-θ parameter endow sub-atomic particles with T, P, CT and CP violating EDMs, which in turn contribute to a non-zero EDM of the atom. The neutron (and proton) acquires an EDM of d (CKM) n ∼ 2×10 −32 e·cm from the CKM matrix [26] , while the EDM from QCD-θ term is d QCD-θ n ∼ θ(6×10 −17 ) e·cm [27] . Experiments have placed an upper limit on the value of neutron EDM, d n < 3 × 10 −26 e · cm (90 % C.L.) [28] , which constrains the value of θ < 5 × 10 −10 . The origins of the smallness for QCD-θ is unknown and is commonly referred to as the strong-CP problem. So, in the case of the neutron, any non zero EDM can be explained within the SM, and needs no contribution from extensions to the SM. On the other hand, the CKM EDM of the electron is d (CKM) e ∼ 10 −44 e · cm [29] , and its QCD-θ EDM is d QCD-θ e ∼ −θ(2.2-8.6) × 10 −28 e · cm [30] . Using the constraint on QCD-θ, the electron EDM from the QCD-θ is constrained to d QCD-θ e < −(1.1-4.3) × 10 −37 e · cm, but experiments only constrain the electron EDM to d e < 1.1 × 10 −29 e · cm [31] . In the case of an electron, an EDM larger than 4.3 × 10 −37 e · cm would require contributions from extensions to the SM.
Classically, the electron cloud of an atom would screen the nuclear EDM [21] . However, Schiff screening of the nuclear EDM by the surrounding electron cloud may not be perfect [32] if, (i) the electrons are relativistic, as is the case with paramagnetic atoms with a single unpaired valence electron, such as 85 Rb [33] , 133 Cs [34] , 205 Tl [35] , and 210 Fr [36] , (ii) the nucleus has quadrupole and octupole deformations, as is the case with diamagnetic atoms of 223 Rn [37] and 225 Ra [38] , or if (iii) there exists dominant CP violating interactions between the constituents of the atom, as is the case with the diamagnetic atoms of 129 Xe [39] and 199 Hg [40] . Generally, paramagnetic atoms acquire an EDM through amplification of the electron EDM, whereas, diamagnetic atoms acquire an EDM through improper screening of the nuclear EDM. The residual of the improper screening of the nucleus is called the Schiff moment.
Considering only the contribution from the CKM matrix and the maximum allowed contribution from the QCD-θ term, the EDM of individual nucleons, such as protons and neutrons, is larger than that of individual leptons, such as electrons, by over 12 orders of magnitude. For diamagnetic atoms, such as 129 Xe and 199 Hg, the expectation of atomic EDM in the CKM+QCD-θ framework, is small due to Schiff screening. Schiff screening in such diamagnetic atoms leads to an atomic EDM which is usually smaller than that of individual nucleons by ∼ (3-5) orders of magnitude [41] . In the case of paramagnetic atoms, where the electron EDM is enhanced by some ∼ (1-3) orders of magnitude [41] , the expectation of atomic EDM, in the CKM+QCD-θ framework, is still extremely small due to the smallness of the electron EDM, even smaller than that of diamagnetic atoms. [42, 22] . In this section, we will take a look at the parameters that determine this enhancement factor. Nuclear structure deformations are also characterized with a multipole description, similar to the nuclear charge content. The even-even core of the nucleus contributes significantly to the charge description of the nucleus [22, 43] . The axially symmetric core is sufficiently described by the two-fluid liquid drop model [44, 45, 46, 47] , the surface of which can be written as:
ENHANCEMENT OF ATOMIC ELECTRIC DIPOLE MOMENT DUE TO NUCLEAR DEFORMATIONS
where
is the total number of nucleons in the nucleus, and β l are the 2 l -pole structure deformation coefficients. It is important not to mix the multipole description of the charge content of the nucleus with nuclear deformations. For example, while a j = 1/2 nucleus can only posses up to and including electric and magnetic dipole moments, such nuclei could still be structurally octupole deformed.
The Schiff moment in an atom with non-zero quadupole and octupole deformations is given by [22, 43, 48, 49] :
where η is the strength of the P, T violating potential of the nucleus, and E ± are the energies of the ground state parity doublet in keV. Atomic EDM is proportional to the Schiff moment [43, 50] :
where R 1/2 = (4γ 1/2 /{Γ(2γ 1/2 + 1)} 2 )(2ZR 0 /a B ) 2(γ 1/2 −1) is the relativistic factor for heavy atoms, γ 1/2 = {1 − (Z · 10 7 η) 2 } 1/2 , and a B is the Bohr radius of the atom. As long as we are comparing atomic EDMs of atoms which have nuclei of similar size, the relativistic term stays the same, and the proportionality in Eq. 7 will hold. While the Schiff moment scales linearly (∝ Z) with the atomic number, the corresponding atomic EDM scales as ∝ Z 3 , making high-Z atoms preferable for EDM searches. The 225 Ra-EDM experiment at Argonne National Laboratory [38] has already demonstrated the feasibility of measuring the EDM in atoms with quadrupole and octupole deformed nuclei.
RAMSEY TECHNIQUE OF SEPARATED OSCILLATING FIELDS
A particle with non-zero MDM and EDM will show Stark and Zeeman splitting of the energy states upon the application of electric and magnetic fields. Measuring the level splitting of the energy states upon the application of electric and magnetic fields has been the standard technique for measuring the EDM of particles and atoms. The EDM is given by:
where ω is the precession frequency, and µ i is the MDM of the species. Here, the superscript indicates the direction of the applied magnetic (B) and electric fields (E). Usually electric and magnetic fields are characterized very precisely with the help of magnetometers. That leaves measuring the precession frequency to a high degree of precision. The precession frequency of a polarized species is measured using the Ramsey technique of separated oscillating fields. The method involves (i) preparing a polarized ensemble of particles or atoms and subjecting them to a constant magnetic field, B 0 , along the direction of the magnetization, (ii) flipping the ensemble magnetization by applying an oscillating magnetic field (with a frequency, ω RF ) perpendicular to the main B 0 magnetic field, for a set time period, t π/2 , (iii) allowing the system to precess for a time period of t s , (iv) applying the oscillating magnetic field, with the same frequency and duration as in step (ii), in order to flip the magnetization along an axis parallel to the magnetization of the initially prepared state. Finally the particle spins are measured and their respective counts is given by [51, 52] :
where N 0 is the total number of particles or atoms counted at the end, γ i is the gyromagnetic ratio of the species, and α is the initial degree of polarization. The count asymmetry between final spin up and spin down states is measured as a function of the the frequency of the applied oscillating magnetic field (ω RF ). The global extremum of this scan w.r.t. ω RF gives an accurate measure of the precession frequency, as at the global extremum, the precession frequency is equal to the frequency of the applied oscillating magnetic field. The statistical precision for the measurement of the EDM thus obtained by determining the precession frequency using the Ramsey method is [53] :
where M is the number of times the Ramsey cycle described above is repeated.
SURVEY OF DEFORMED NUCLEI
In the past, though the isotopes have been studied for use in atomic EDM experiments, for the first time, we here present a comprehensive survey of the best candidates in which to measure an atomic EDM. In this survey, reported in TABLE. 1, we have attempted to (i) identifying the isotopes with the highest theoretical expectation for an EDM, according to Eq. 7, which means searching for heavy isotopes with high deformation coefficients, and a low ground state parity doublet energy difference, and also (ii) identifying those deformed isotopes which have a high rate of production at the Facility for Rare Isotope Beams (FRIB), so that we are able to achieve the best possible statistical precision in an experiment, according to Eq. 10. For the purposes of this survey, we constrained ourselves to isotopes which are at least | j| = 1/2, and which have comparable or higher (lower) deformation parameters (ground state parity doublet energy difference) than that of 225 Ra. However, we have included isotopes of Francium given that an effort to measure their EDM is underway [36] . Furthermore, we restricted ourselves to long lived isotopes which have a lifetime, at least, on the order of a minute. The theoretical expectation for an EDM is dictated by Eq. 7:
Presented here these values have been normalized with that of 225 Ra. FRIB is expected to produce large amounts of heavy nuclei that fall in the octupole deformation region on the nuclide chart. With a higher FRIB rate, an EDM experiment can achieve better relative statistical sensitivity, W ∝ √ W (FRIB) (from Eq. 10), i.e. the experiment will be sensitive to a smaller value of EDM. Here W (FRIB) is the stopped beam rate at FRIB from the ultimate FRIB yield in Refs. [54, 55] . Our constraint on lifetime makes it long enough that we have not considered it as a part of the statistical sensitivity 1 . Finally, what matters is the confluence of a high theoretical expectation for an EDM and the best statistical precision achievable in measurements. Towards realizing this confluence, we have reported a relative impact factor for each candidate isotope, which is
We have not considered the issues of cooling, trapping, and spin -coherence time scales for the species in this survey. Also we have not considered the sign of the EDM. While the deformation parameters reported here come from theoretical models, such as the Möller-Nix model [59] , the level scheme has not yet been well established for many isotopes. Other theoretical frameworks to compute the structure deformation parameters that were considered in this survey can be found in Refs. [56, 57] . In TABLE. 2, we have reported those isotopes which are quadrupole and octupole deformed, but whose ground state parity doublet energy difference has not yet been measured. We have neglected reporting quadrupole and octupole deformed isotopes whose ground state is a 0 + , since these cannot posses an EDM or an MDM, viz. 224 Ra, 226 Ra, and 224 Ac, to name a few.
Even for the most octupole deformed nuclei listed in TABLE. 1, the value of the deformation parameters of {β 2 , β 3 } do not go higher than about ∼ {0.21, 0.16}, and are comparable to that of 225 Ra. The enhancement to EDM mostly is governed by the ground state parity doublet energy difference, since it spans over ∼ 3 orders of magnitude.
Octupole deformed isotopes form islands when plotted according to {Z ⊗ (A − Z)} [59, 73] , where the value of the deformation parameters rises, peaks, and declines as one increases Z (by holding (A − Z) constant, and vice-versa). For example, among the Ra isotopes, the predicted island of octupole deformation occurs at A ∈ (217, 229), where the value of β 3 peaks at A = 222. In TABLE. 3, we have listed those isotopes which do not follow this general trend. These isotopes have values of β 2 comparable to that of 225 Ra, and a lifetime of at least a minute. 
CONCLUSION
Although the theoretical models predict the magnetic moment and ground state spin of the nuclei well [22, 74, 75, 76] , they mutually disagree on the values of nuclear deformation parameters. The values of deformation parameters sometimes vary by as much as ∼ 50% between various theoretical models. For example, the value of β 3 for 225 Ra [72] . ? Indicates that the parity doublet has not yet been observed. is 0.124 in the Moller-Nix model [59] ; 0.146 in the Hartree-Fock model [42] ; and 0.104 using Nilsson model [42] . Variations in EDM enhancement (d T , I) below a factor of ∼ 2 are within the spread of deformation parameters from the theoretical models. The only isotope in TABLE. 1 which has a greatly enhanced atomic EDM compared to 225 Ra is 229 Pa. This enhancement comes mostly from the smallness of the energy difference for its ground state parity doublet, since the deformation parameters are comparable to that of 225 Ra. It is important to note that the recent measurement of its parity doublet energy difference, 0.06(5) keV [66] , is associated with a large relative uncertainty so that the authors indicate that the existence of the doublet is uncertain. An earlier measurement by the same group had proposed existence of the doublet with an energy difference of 0.22 (5) keV [77] which would result in a factor of 4 reduction in I. It may be interesting to measure the ground state parity doublet energy difference for isotopes in TABLE. 2, and also re-calculate the deformation parameters using an independent theoretical framework than the ones from which the deformation parameter values have been reported here for isotopes in TABLE. 3. We conclude that 225 Ra is one of the best systems in which to measure an atomic EDM, since its theoretical EDM expectation is among the most enhanced, and 229 Pa may provide for another system in which to attempt a measurement of the atomic EDM.
